We show that a general one-dimensional (1D) lattice with nonlinear inter-particle interactions can always be thermalized for arbitrarily small nonlinearity in the thermodynamic limit, thus proving equipartition hypothesis in statistical physics for an important class of systems. Particularly, we find that in the lattices of interaction potential V (x) = x 2 /2+λx n /n with n ≥ 4, there is a universal scaling law for the thermalization time T eq , i.e., T eq ∝ λ −2 −(n−2) , where is the energy density. Numerical simulations confirm that it is accurate for an even n. A slight correction is needed for an odd n, which is due to the Chirikov overlap occurring in the weakly nonlinear regime between extra vibration modes excited by the asymmetry of potential. Based on this scaling law, as well as previous prediction for the case of n = 3, a universal formula for the thermalization time for a 1D lattice with a general interaction potential is obtained.
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Introduction.-Equipartition hypothesis assumes that an arbitrary small nonlinearity is enough to thermalize a macroscopic thermodynamic system, i.e., the energy will be equally distributed among the various Fourier modes. It is the foundation of statistical physics. The pioneering numerical experiments by Fermi, Pasta, Ulam (FPU), and Tsingou [1, 2] , showed very little tendency toward equipartition of energy among the degrees of freedom, known as the FPU paradox [1] . Their seminal work has stimulated a huge amount of research (see Refs. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and references therein). Extensive numerical simulations have shown clear evidence that there is a energy threshold above which the FPU system reaches a fast thermalized state [14] [15] [16] [17] . However, whether a system can be generally thermalized for arbitrary small nonlinearity has not been settled clearly due to the difficulty of rigorous mathematical proof [3] . Recently, resonant wave-wave interaction theory [18] [19] [20] [21] [22] [23] has been applied to this problem [24] [25] [26] .
Wave resonance theory, developed from the statistical mechanics theory of wave turbulence [18] [19] [20] [21] [22] [23] , provides a framework for drawing a firm conclusion. This theory assumes that, in the weakly nonlinear regime, the long time dynamics is determined by exact resonances. Particularly, the irreversible transfer of energy resulting in thermalization is achieved by the nontrivial resonance of the Umklapp process. To characterize the nontrivial resonance, one should rewrite the equation of motion with proper canonical variables of normal modes in the Fourier space. If a nontrivial resonance can be found, then the equipartition time T eq is estimated using the amplitude of the resonance. Otherwise, higher harmonics of the normal modes are considered to find the higher order resonance, and then the equipartition time is determined by the amplitude of the higher order resonance [24] . Landmark progress has been made recently in lattice models with Hamiltonian
for the special cases of n = 3 (FPU-α model) [24] and n = 4 (FPU-β model) [25] , where p j and q j denote the momentum and the displacement from the equilibrium position of the jth particle, respectively, and λ is a positive constant. In these two models of certain finite size, the nontrivial resonances were found to be sixwave interactions, which lead to T eq ∝ λ −8 −4 [24] and T eq ∝ λ −4 −4 [25] , respectively, where is the energy density.
However, the equipartition hypothesis in its original form, i.e., for general systems in the thermodynamic limit, has not been proved. To prove the hypothesis in its original form is fundamentally important, because statistical mechanics as well as solid state theories are established in the thermodynamic limit. This issue has been mentioned in Refs [24, 25] , where the authors have conjectured that the four-wave resonances should dominate the irreversible dynamics in the thermodynamic limit for the FPU-α model and FPU-β models, which result in T eq ∝ λ −4 −2 [24] and T eq ∝ λ −2 −2 [25] , respectively. These conjectures have not been verified. More importantly, the extension to general models is necessary. Another fundamental question is whether there is a universal scaling law for the equipartition time in general 1D lattices. Various scaling laws of equipartition time have been reported previously [27, 28] . Nevertheless, they disagree with each other even for a specific model, e.g., FPU-α-β model [29, 30] .
In this Letter, based on wave resonance theory, we first show that there is a universal scaling law of the equipartition time for models given by Eq. (1) in the thermodynamic limit, i.e., T eq ∝ λ −2 −(n−2) for n ≥ 4. Our key finding is that the lowest-order resonances, i.e., the n-wave resonances for the model with a power law potential of power n, can take place in the thermodynamic limit, except when n = 3. Our extensive numerical simulations confirm that this scaling is accurate for even n, but is slightly lower for odd n. There is a slight deviation but it decreases with the increase in n. This deviation suggests that there is an additional mechanism in the arXiv:1811.05697v2 [cond-mat.stat-mech] 17 Nov 2018 models with asymmetric interactions. By analyzing the deviation carefully and thoroughly, the existence of this additional mechanism is confirmed and is attributed to the Chirikov overlap [31, 32] . This is an astonishing new finding which implies that the Chirikov overlap may play a role in the weakly nonlinear regime. Finally, a universal scaling of T eq for a general interaction potential is derived and numerically verified.
Theoretical analysis.-We consider a lattice of N + 1 particles with fixed ends (q 0 = q N = 0) such that there are N −1 moving particles in between. The displacement of the jth particle can be written in terms of normal modes
where ω k = 2| sin( kπ 2N )| is the dispersion relation, and Q k is the amplitude of the kth normal mode [33] . The boundary conditions, along with the reality of q j , i.e., q j = q * j , impose the constraint to the modes that
It is convenient to introduce the dimensionless complex amplitude of the kth normal mode
where P k = ∂H/∂Q k is the canonically conjugate momentum. Then, the Hamiltonian (1) can be rewritten in the dimensionless form:
where
is an interaction tensor coefficient, and δ(k 1,n ) gives the n-wave resonant condition for the wave vectors [22] , i.e., k 1 ± k 2 ± · · · ± k n = 0. Whether the function sign takes +1 or −1 depends on the type of the n-wave process. Then, the equation of motion for the k 1 th complex normal mode reduces to
(5) From this equation we see that the nonlinear interactions are manifested as n-wave scattering terms. To evaluate the equipartition time, we introduce the wave action spectral density A i δ j i = a ki a * kj following the wave resonance approach [24, 25] , where the brackets indicate the ensemble average and δ j i is the Kronecker delta. Based on the wave resonance theory [22] , one can derive the n-wave kinetic equatioṅ
where F (A 1,n ) is a function of A 1 , A 2 , · · · , A n , and δ(ω 1,n ) gives the n-wave resonant condition for the frequencies, i.e., ω k1 ± ω k2 ± · · · ± ω kn = 0 (see Sec. A of the Supplemental Material (SM) Ref. [34] and Ref. [22] for details). The summation of the wave vector from −N to N is replaced by an integral from −π to π on the reduced wave vector because the wave numbers in the Fourier space become dense and continuous in the thermodynamic limit. Based on this evolution equation,
only holds when the nontrivial n-wave resonances exist and dominate the thermalization [22, 24] . In the thermodynamic limit, the Fourier space of wave vectors becomes dense and the resonant conditions are not forbidden by the dispersion relation for n ≥ 4; therefore, resonant solutions must exist. Besides, considering the fact that any frequency has a certain broadening due to the nonlinearity, the resonant n-tuplets are interconnected. For n = 3, i.e., the FPU-α model, the three-wave resonances are forbidden because of the shape of the dispersion relation [19, 24] . Hence, for this model one has to introduce a new canonical transformation to consider higher order interactions. We agree with the argument in Ref. [24] that the four-wave resonances dominate the thermalization in the thermodynamic limit, which leads to T eq ∝ λ −4 −2 . Such an approach can be extended to more general symmetric potentials, V (x) = |x| d /d, with d = m 1 /m 2 > 2 and m 1 and m 2 are coprime. This is because the potential can be rewritten in terms of normal modes,
and the equation of motion can be obtained similarly. Equation (7) indicates that the lowest number of waves participating in the scattering process is 2m 1 in a model with exponent d, and 2m 1 ≥ 4 since m 2 ≥ 1. Thus, the time scale for equipartition is T eq ∝ λ −2 −(d−2) for such symmetric models only if the 2m 1 -wave resonances exist and dominate the irreversible dynamics in the thermodynamic limit.
Numerical experiments.-Any numerical simulation is performed with finite size, and therefore, wave numbers are discrete in principle. However, the broadening effect of frequencies will lead to near-resonance interactions [35] . Therefore, one expects to approach the theoretical prediction in numerical simulations for lattices with an adequately large size. We adopt the method that is presented in Ref. [29] to calculate equipartition time. The normal modes of a 1D lattice of N + 1 particles are:
The energy of the kth normal mode is
N/2 , is adopted, where
)dt is the average energy of the kth normal mode. Here, µ is a free parameter that controls the size of the time window for averaging. The equipartition time is measured as that satisfying ξ(T eq ) = 1/2.
For the numerical integration of Hamilton's canonical equations, we used the eighth-order Yoshida method [36] . To suppress fluctuations, the average is done over 60 phases uniformly distributed in [0, 2π].
Note that H = H under the scaling transformation q = q 1/2 for the power-potential models (1); hence, the nonlinear parameter λ and the energy density has a rigid scaling relation λ = λ (n−2)/2 . Therefore, it is equivalent to studying the scaling of λ by fixing or that of by fixing λ. Here, we perform the latter with fixed λ = 1. Figure 1(a) shows the results for several symmetric power potentials with system size N = 2048. It shows that the scaling T eq ∝ −(d−2) agrees with the data very well, though a slight deviation can be recognized after a close look, which has been found to be a finite-size effect. This finite-size effect is shown in Fig. 1(b) by taking the case of d = 3 as an example, where we can see that the larger the system size, the smaller the deviation; meanwhile, the lower the energy density, the larger the size must be to converge to the theoretical scaling. Figure 1 (c) presents the results for models with n = 3 and n = 5. Best fitting gives T eq ∝ −2.31 and T eq ∝ −3.43 , respectively. The finite-size effect is negligible comparing to that of symmetric potentials. The result for n = 3 approaches the four-wave resonance prediction of T eq ∝ −2 , while that for n = 5 is close to the five-wave resonance prediction, i.e., T eq ∝ −3 . To reveal why there is a deviation from the wave resonance theory for models with an odd exponent n, we study the power spectrum of a trajectory. Figures 2(a) -(c) show the results for the FPU-α model with three sizes, N = 17, 65, and 1025 respectively, at the fixed energy density = 3 × 10 −3 . For the sake of clarity, only the first two lowest frequency modes are drawn. Figures 2(a) and 2(b) show that there are many regularly distributed small peaks between two neighbouring normal modes in the asymmetric case (n = 3), but they disappear in the symmetric case (d = 3, see Sec. B of the SM [34] for details). Obviously, it is the symmetry of the inter-particle potential that makes the difference. By comparing the numbers of the small peaks for different system sizes, we find that the number of small peaks is N − 2. This only depends on system size N because the frequency difference between two neighboring normal modes decreases as ∼ N −1 , the average frequency difference between two adjacent small peaks should be ∆ω ∝ N −2 for large N (see Sec. C of the SM [34] for details). In addition, the amplitude of these small peaks sensitively depends on the energy density (it decreases with the energy density as a power law) and the order n of the nonlinear term of the potential [the larger n, the lower the small peaks (see Sec. C of the SM [34] )].
With the above analysis we can explain the simulation results. First, the normal modes can accurately represent the dynamics of the system with a symmetric potential in the thermodynamic limit since they are the unique energy carriers. Therefore, wave resonance theory works for such a system. Second, for a sufficiently small lattice with asymmetric power function potential, the small peaks are sparse and isolated. Despite their existence, they do not influence the irreversible dynamics; thus, the simulation results still agree with the resonant wave prediction for the FPU-α model with sufficiently small size [24] . Third, as the system size increases, the small peaks become closer to each other (as ∼ N −2 ). As a result, Chirikov overlap between two neighboring small peaks will occur because they must have a nonzero width due to nonlinearity. As such, for large N , the spectrum becomes continuous [see Fig. 2(c) ]; it appears in effect as the envelope of the dense small peaks and the normal mode peaks. In this way, an additional transport channel opens. The Chirikov overlap mechanism works, and one should expect that it contributes to irreversible dynamics, which results in deviation from the wave resonance prediction. Finally, the amplitudes of small peaks are smaller at the fixed energy density for models with large power of n (see Sec. C of the SM [34] ). Therefore, as n increases, the deviation from the wave resonance prediction decreases accordingly. General formula.-A general interaction potential can be expanded as the Taylor series, i.e., V (x) = V (n) (0)x n /n!. The corresponding equation of motion is similar to Eq. (5), with expanding series of n-wave interactions terms. In the thermodynamic limit, four-wave resonances excited by the term of n = 3, and other nwave resonances excited by other terms of n > 3 exist simultaneously.
In the weakly nonlinear regime, these scattering processes can be considered to be independent. To integrate their contributions, inspired by Matthiessen's Rule [37] , it is reasonable to conjecture that the combined relaxation time T eq should follow the rule:
where T eq n represents the relaxation time contributed by the potential term with power exponent n.
We check this conjecture with two numerical studies. The first one is for V (x) = , where α is used to adjust the relative weights of the two nonlinear terms. Here we introduce the sixth order nonlinearity instead of the fourth as the scaling exponents for n = 3 and n = 4 are too close (T eq 3 ∝ −2.31 and T eq 4 ∝ −2 , respectively) to result in an obvious variation of the scaling exponent. Figure 3(a) shows simulation results for α = 0.1, 0.5, and 1.0, respectively. We see that the fourwave and six-wave resonance dominate the equipartition process in the two extremes of α = 1 and 0.1, respectively. For a moderate cubic potential there appears a crossover. In all three cases, Eq. (8) can well fit the numerical re- Our second example is the Lennard-Jones model [38] which is frequently adopted for modeling a real lattice system, with
where M is an integer parameter. The numerical results are presented in Fig. 3(b) . It shows that Eq. (8) fits the numerical results well for all values of M we have tried.
Conclusion.-In summary, in models with interaction potential V (x) = x 2 /2 + λx n /n the n-wave nontrivial resonances dominate the irreversible dynamics in the thermodynamic limit and lead to the universal scaling law of T eq ∝ λ −2 −(n−2) for n ≥ 4. This scaling law can be extended to general symmetric models with V (x) = x 2 /2 + λ|x| d /d, where d is rational and d > 2. Only for n = 3 does one need a further canonical transformation to find higher-order resonances. Extensive numerical simulations confirm that this scaling holds perfectly in the symmetric models. It holds approximately for the asymmetric power potentials, but the deviation is slight.
Our models cover the most general class of 1D systems since any interaction potential can be expanded in terms of power potentials. This class of systems conserve both energy and momentum. Moreover, based on our scaling law, and inspired by Matthiessen's Rule, we have derived a universal scaling of T eq for a general interaction potential. An important conclusion is that a general nonlinear 1D lattice can be thermalized for arbitrary small nonlinearity.
To determine the mechanism of deviation from the universal scaling law in asymmetric models we established an important finding: that a large number of extra vibration modes are excited by the asymmetry of the potential, and Chirikov overlap may take place between them in a large system, which leads to the deviation. Furthermore, the extra vibration modes make phonon peaks asymmetrically broadened [see Fig. 2 and Sec. C of the SM [34] ). This finding provides a new explanation for the asymmetric line shape of phonon spectra that has been widely reported in various condensed matter studies [39] [40] [41] [42] [43] [44] [45] [46] . It is possible that more than one mechanisms are responsible for this phenomenon [42] [43] [44] [45] [46] . That due to asymmetric interactions observed here should be more fundamental, as asymmetric interactions are general and ubiquitous in reality.
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